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The leaky-dielectric model is incorporated in the Finite Volume Method (FVM) code,
OpenFOAM, to investigate the electrospray emission behavior of low to moderate conductivity
liquids. Compared to previous studies, this is the first Finite Volume Method (FVM) based model
for higher conductivity liquid accurately predicting the cone-jet formation and droplet breakup.
This was possible by incorporating a novel interface interpolation devised to conserve the charge
for higher conductivity liquid. The model is validated against experimental data for heptane
and tributyl phosphate and scaling relationships for diameter and specific charge of emitted
droplets. The results reveal the behavior of low and moderate conductivity liquids with respect
to key operating conditions, i.e., flow rate, voltage, and fluid properties, i.e., surface tension,
and viscosity. The parametric evaluations reveal important emission metrics closely related to
the meniscus shape and charge distribution along the cone-jet. Decreasing non-dimensional
flow rate or increasing Electric Reynolds number leads to the emergence of convex-upward
meniscus of the cone allowing high charge concentration at the cone-to-jet region. High charge
concentration with shortened cone-to-jet length ultimately results in increased specific charge
of emitted droplet with increased jetting velocity which are important electrospray metrics.

I. Introduction
A conical meniscus is developed by surface tension and electrostatic forces balanced on the interface in the cone-jet

mode. Zeleny et al. [1] first observed different modes of electrosprays including the steady cone-jet mode, which has
been of significant interest for stable emission of droplets. Cloupeau et al.[2] examined various cone-jet structures
and operating modes experimentally in a range of operating conditions and physical properties of low to moderate
conductivity liquids (2× 10−8 Sm−1 to 1× 10−4 Sm−1). Taylor and Ingram [3] applied electrostatic analysis for perfectly
conductive liquid up to the location where a jet begins to develop from the cone; the half-angle at the apex of the
cone was shown to be 49.3◦. The Ohmic, leaky-dielectric model of Melcher and Taylor [4] supplements Taylor’s
analysis by introducing tangential electrostatic force due to free charge accumulation at the liquid interface, unlike in
perfect conductors and dielectrics involving perpendicular electrical stresses. Pantano et al. [5] solved the zeroth-order
electrostatic equations from the theory of [3] to observe the effect of charge accumulation effect on cone-jet formation.
They acquired the meniscus shape with a conical tip for the first time assuming the vertex angle as 49.3◦. The charge
accumulation at the tip of the meniscus allows high enough electrostatic force dominating over the surface tension force
in the cone-to-jet region. Furthermore, a concave-upward meniscus transitions to a convex meniscus with decreasing
Taylor’s number, 𝜀0𝜙

2
0

2𝛾𝑅𝑒
where 𝜀0, 𝜙0, 𝛾, and 𝑅𝑒 are respectively vacuum permittivity, potential relative to the ground

electrode, surface tension and outer diameter of the electrode ([5]).
Important scaling relationships have been developed to correlate the output parameters of interest under different

assumptions ([6–8]). Although they provide valuable physical insights, the scaling laws cannot describe the emission
mechanics during evolution of a cone-jet and subsequent droplet breakup. Several numerical models have been
1Ph.D. student, Mechanical and Aerospace Engineering, henryhuh89@g.ucla.edu
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developed to describe the processes of cone-jet formation and electrospray emission. The boundary element/integral
method (BEM) ([5, 9, 10]) is computationally cost-efficient and allows accurate analysis under the given constraints.
Higuera [9] investigated the surface charge density with varying flow rates and permittivities with the far-field boundary
conditions obtained from electrostatic solution ([3]) in a restricted cone-to-jet region. Gamero-Castaño [10] went further
to obtain solution in an extended cone-to-jet region, concluding that the surface position of TBP largely invariant to
physical properties and flow rates for dielectric constants of 8.91 and 64.9. The BEM is restricted to a linear problem of
a single dimension along the interface, which does not allow prediction of emitted droplets or internal flow in bulk
liquid, which are important observable parameters in electric propulsion.
The finite volume method (FVM) allows robust handling of nonlinear conservation equations as a more flexible

approach than the BEM. The FVM can reproduce not only the cone-jet structure but also downstream breakup and emitted
droplets in an electrospray ([11, 12]). Several EHD models have been developed on the basis of the FVM. López-Herrera
et al. and Herrada et al. [13, 14] used the Volume-of-Fluid method to track interfaces in a multiphase problem by
an open-source tool, Gerris ([15]). Roghair et al. [11] developed an EHD OpenFOAM code based on the work of
[13], which was extended by Dastourani et al. [12] to simulate electrosprays of low conductivity (∼1 × 10−8 Sm−1

to ∼1 × 10−6 Sm−1) liquid. Previous research based on the FVM has been focused on low conductivity liquids
(∼1× 10−8 to ∼1× 10−6 Sm−1) ([11–14, 16]. Modeling electrosprays of moderate to high conductivity (∼1× 10−5 Sm−1

to ∼1 × 10−2 Sm−1) requires additional numerical treatment to accurately resolve jet breakup and droplet formation.
The objective herein is to develop a high-fidelity EHD model that can provide detailed emission mechanisms for

electrospray devices in a wide range of operating conditions and fluid properties. In this work we will validate the
suggested models against experimental observations and scaling relationships for low (∼1 × 10−7 Sm−1) and moderate
conductivity (∼1 × 10−4 Sm−1) liquids. In particular, we run the model across the operating conditions and the fluid
properties critical in defining the steady cone-jet mode. We will show how the charge distribution varies along the
interface and how the meniscus shape is determined by the competing electrostatic and surface tension forces on the
interface. The governing equations are discussed in Section II and numerical methods in Section III. The modeling
results for the low conductivity (∼1 × 10−7 Sm−1) liquid are presented in Section IV.A and the moderate conductivity
(∼1 × 10−4 Sm−1) liquid in Section IV.B. The concluding remarks are provided in Section V.

II. Model Formulation

A. Fluid flow
Electrohydrodynamic fluid flow is governed by the incompressible continuity and momentum equations given as,

𝒖 = 0, (1)

𝜌

[ 𝜕𝒖
𝜕𝑡

+ 𝒖𝒖
]
= −𝑷 + 𝜇2𝒖 + 𝜌𝒈 + 𝑭𝐸 + 𝑭𝑆𝑇 , (2)

where 𝒖, 𝑡, 𝜌, 𝑷, and 𝜇 represent respectively velocity, time, density, pressure, and dynamic viscosity. Note the
electrostatic force, 𝑭𝐸 , and the surface tension force, 𝑭𝑆𝑇 , added to the momentum equation ([13]). Here 𝑭𝑆𝑇 is given
as

𝑭𝑆𝑇 = 𝛾𝜅𝛼 = 𝛾(−𝒏̂)𝛼, (3)

𝒏̂ =
𝛼

|𝛼 | + 𝛿′
, (4)

where the surface tension term is reformulated according to the continuum surface force (CSF) model by [17]. 𝛾 is the
surface tension coefficient, 𝜅 is the interface curvature and 𝑛̂ is the unit normal vector. 𝛿′ is a small number relative to
|𝛼 | to ensure a non-zero denominator in Eq. 4.
The Volume-Of-Fluid (VOF) method ([18]) captures the interface between liquid and vacuum by using a Heaviside

function of the liquid volume fraction, 𝛼𝑙𝑖𝑞 . Each computational cell is represented as 𝛼𝑙𝑖𝑞 = 0 within a gas or vacuum,
𝛼𝑙𝑖𝑞 = 1 within the liquid and 0 < 𝛼𝑙𝑖𝑞 < 1 at the interface. The liquid volume fraction is calculated by solving the
transport equation given as

2



𝜕𝛼𝑙𝑖𝑞

𝜕𝑡
+ (𝒖𝛼𝑙𝑖𝑞) + (𝛼𝑙𝑖𝑞 (1−𝑙𝑖𝑞)𝒖𝒓 ) = 0, (5)

𝒖𝒓 = 𝐶𝑎𝑙𝑝ℎ𝑎

���� 𝜙𝑎

|𝑆𝑎 |

����𝒏̂, (6)

where 𝒖𝒓 is an artificial compression term for sharpness of the interface ([19]). 𝜙𝑎, 𝑆𝑎, and 𝐶𝑎𝑙𝑝ℎ𝑎 are velocity flux,
face surface area and an adjustable compression factor. 𝐶𝑎𝑙𝑝ℎ𝑎 is set to unity here, whereas it is between 0 to 4 in most
practical cases. Large 𝐶𝑎𝑙𝑝ℎ𝑎 allows a sharp interface, but increases the magnitude of spurious current ([20, 21]). In the
conventional VOF method a cell-averaged property, 𝜓, such as density, viscosity, electrical conductivity or permittivity
is calculated as

𝜓 = 𝜓1𝛼𝑙𝑖𝑞 + 𝜓2 (1 − 𝛼𝑙𝑖𝑞) (𝜓 ∈ [𝜌, 𝜈, 𝜎, 𝜀]) (7)

where 𝜓1 and 𝜓2 are the properties in liquid and vacuum respectively. The interface is reconstructed from the liquid
volume fraction, 𝛼𝑙𝑖𝑞 , and the solution of transport equations for all relevant cell-averaged properties.

B. Electrostatics
The volumetric electrostatic force, 𝑭𝐸 , is described by the Maxwell’s equations which are reduced to the electrostatic

equation with negligible magnetic effect in Eq. 8. The Gauss’s law is given in Eq. 9 as

× 𝑬 = 0; (8)

(𝜀𝑬) = 𝜌𝑒, (9)

where 𝑬 is the electric field vector, 𝜀 is the electrical permittivity and 𝜌𝑒 is the volumetric charge density.

𝜕𝜌𝑒

𝜕𝑡
+ 𝑱 = 0, (10)

The charge conservation equation in Eq. 10 is converted to Eq. 11 by substituting the current density, 𝑱, as the sum of
Ohmic conduction and charge convection as 𝑱 = 𝜎𝑬 + 𝜌𝑒𝒖,

𝜕𝜌𝑒

𝜕𝑡
+ (𝜌𝑒𝒖) = −(𝜎𝑬). (11)

The electrostatic force is given as the sum of Coulombic and polarization forces as

𝑭𝐸 = 𝜌𝑒𝑬 − 1
2
𝑬2𝜀, (12)

which acts on the electric charge accumulated on the surface of an electrospray. The non-dimensional flow rate, 𝛿, is
defined in Eq. 13, and the electric Reynolds number, 𝑅𝑒𝐸 , in Eq. 14 where 𝑄 is the flow rate, and 𝜀0 is the vacuum
permittivity.

𝛿 =
𝜌𝜎𝑄

𝛾𝜀0
, (13)

𝑅𝑒𝐸 =

(
𝜌𝜀0𝛾

2

𝜇3𝜎

) 1
3

. (14)

III. Numerical Methods
The open-source code OpenFOAM ([22]) is based on the FVM to obtain linearized relationships among neighboring

cell-averaged variables of the governing equations. The 2𝑛𝑑-order-accurate linear upwind scheme ([23, 24]) is employed
to suppress false diffusion due to the discretized convection term. As the velocity boundary condition, a fixed uniform
value is applied as the velocity boundary condition at the inlet, the zero-gradient condition at the outlet and the wall,
the symmetry condition on the axis and the cyclic boundary condition at the front and the back for the wedge-shaped

3



three-dimensional domain. Similarly, for the pressure boundary condition, the zero-gradient is applied at the inlet and
zero total pressure at the outlet and on the wall to maintain vacuum in the domain. sensitivity study is performed to
determine to the total number of mesh cells, 𝑁𝑐, large enough to show no further dependence of the computed results
on the grid size. 𝑁𝑐 is set equal to 138, 800 for the low conductivity case and 98, 990 for the moderate conductivity
case, where the droplet diameter converges to 15.6 µm for heptane of low conductivity and 6 µm for TBP of moderate
conductivity respectively.

Fig. 1 Comparison of WAM and the new interpolation scheme for heptane, (a) computational domain, (b)
liquid volume fraction for 𝑓 = 1(WAM), (c) liquid volume fraction of 𝑓 = 20, (d) charge density for 𝑓 = 1, and (e)
charge density for 𝑓 = 20

The VOF method ([25, 26]) is employed to reconstruct the interface to capture the interfacial forces on the jet and the
cone meniscus between liquid and vacuum. Preliminary results showed the importance of avoiding false leakage of mass
and charge through appropriate treatment of the cell-averaged quantities at the liquid-vacuum interface. Tomar et al. and
López-Herrera et al. [13, 27] used the weighted arithmetic mean (WAM) for two-phase 𝜎 and 𝜀 based on their linear
weighted average in terms of the liquid volume fraction. In our simulation WAM leads to significant numerical diffusion
with no droplet breakup occurring for moderate to high conductivity liquids. López-Herrera et al. [13] investigated
the interpolation schemes, weighted arithmetic mean (WAM) and weighted harmonic mean (WHM), concluding that
the WHM does not provide any better accuracy for moderately-conductive dielectric-conducting liquid. The WHM
essentially assigns zero conductivity to all cells involving any liquid-vacuum interface to result in code failure due to
abrupt change in the physical properties between neighboring cells. In this study we applied a new interpolation scheme
in Eq. 15 and Eq. 16 to determine the cell-averaged conductivity and permittivity in every two-phase cell involving the
interface. Note that Eq. 15 and Eq. 16 reduce to the WAM for 𝑓 = 1 and the WHM for 𝑓 = −1.

𝜎𝑐𝑒𝑙𝑙 =

(
𝛼𝑙𝑖𝑞𝜎

1/ 𝑓
𝑙𝑖𝑞

+ (1 − 𝛼𝑙𝑖𝑞)𝜎1/ 𝑓𝑣𝑎𝑐

) 𝑓
, (15)

𝜀𝑐𝑒𝑙𝑙 =

(
𝛼𝑙𝑖𝑞𝜀

1/ 𝑓
𝑙𝑖𝑞

+ (1 − 𝛼𝑙𝑖𝑞)𝜀1/ 𝑓𝑣𝑎𝑐

) 𝑓
. (16)

𝜎𝑐𝑒𝑙𝑙 and 𝜀𝑐𝑒𝑙𝑙 are the cell averaged quantities and 𝛼𝑙𝑖𝑞 is the liquid volume fraction. The subscripts, liq and vac,
represent liquid and vacuum respectively. 𝜎𝑣𝑎𝑐 is equal to zero and 𝜀𝑣𝑎𝑐 is equal to the vacuum permittivity, 𝜀0. The
liquid volume fraction and the corresponding charge density are shown for 𝑓 = 1(WAM) and 𝑓 = 20 in Figure 1. Linear
interpolation for the 𝑓 = 1(WAM) results in smoothly varying 𝜎 and 𝜀 with significant false leakage and diffusion
occurring through the interface. Note the erroneous results by the WAM showing excessive droplet sizes and failure in
charge conservation for heptane in Figure 1. Note that charge is well conserved to result in converged droplet diameters
showing no further dependence on 𝑓 for 𝑓 > 20. It is a compromise between smooth resolution without code failure
and a sharp interface with suppressed numerical diffusion. A larger 𝑓 better reproduces sharp variation of 𝜎 and 𝜀 with
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less false diffusion leading to a finer jet and smaller droplets. The maximum charge density is 𝜌𝐸 , 𝑚𝑎𝑥 = 430C/m2
for 𝑓 = 20 and 𝜌𝐸 , 𝑚𝑎𝑥 = 60C/m2 for 𝑓 = 1 in Figure 1. Obviously finer grids will be required for better resolution
accuracy and numerical stability for electrosprays of high conductivity liquids.

IV. Results and Discussion
The computational domain covers the region from emitter to extractor both in [16] (Section IV.A) and [28]

(Section IV.B). Simulation is based on the published experimental setups with the given physical properties and
operating conditions including flow rate and voltage. Photographs in [16] show the experimentally observed cone-jet
formation and emitted droplets for heptane of low conductivity. Relevant physical properties are listed for heptane of
low conductivity and TBP of moderate conductivity in Table 1.
The total current, 𝐼, in an electrospray includes the two contributions by charge conduction in Eq. 17 and by charge

convection in Eq. 18 given as

𝐼𝑑 (𝑧) = 2𝜋𝜎
∫ 𝑟𝑠

0
𝐸𝑧𝑟 d𝑟, (17)

𝐼𝑠 (𝑧) = 2𝜋𝑞𝑠𝑣𝑠𝑟𝑠 , (18)

where 𝑟 is the radial coordinate, 𝑟𝑠 is the radius of the cone-jet, 𝑣𝑠 is the liquid velocity, 𝑞𝑠 is the surface charge density
and 𝐸𝑧 is the longitudinal component of the electric field vector. We define the cone-to-jet length, 𝐿𝑐 𝑗 , as the region
where the convective current changes from 5% to 95% of its final value. It corresponds to the transition region in [10]
and the charge relaxation region in [8]. The charge relaxation time is defined as 𝜏𝑒 =

𝜀

𝜎
.

Table 1 Liquid properties of heptane and tributyl phosphate (TBP)

Liquid 𝜌(𝑘𝑔/𝑚3) 𝜎(𝑆/𝑚) 𝛾(𝑁/𝑚) 𝜀(𝐹/𝑚) 𝜇(𝑃𝑎𝑆)
Heptane 684 6.26 × 10−7 0.0186 1.91 4.28 × 10−4
TBP 976 2.3 × 10−4 0.028 8.91 3.59 × 10−3

A. Low conductivity
Figure 2(a,b) shows the computational domain and grid for the experimental setup in [16]. The nozzle and outer

diameters are 120 µm and 450 µm, the orifice diameter is 12mm and the distance between emitter and extractor is
29.8mm. Figure 2(c,d) show the computed distributions of liquid volume fraction and contour and magnitude of the
electric field on a 2-D plane through the axis. Note the maximum electric field at the cone-to-jet region well below the
minimum threshold for ion emission (∼1 × 109 Vm−1) ([29]). Scaling relationships are given for the non-dimensional
droplet diameter and the total current, respectively in Eq. 19 and Eq. 20 ([6]). Another scaling law is given for the
non-dimensional droplet diameter in Eq. 21 ([8]). 𝜀𝑟 is the relative permittivity in Eq. 21.

𝐷 =

(
𝜌𝜀0𝑄

3

𝜎𝛾

) 1
6

, (19)

𝐼 = (𝛾𝜎𝑄)
1
2 , (20)

and

𝐷 =

(
𝜀𝑟𝜀0𝑄

𝜎

) 1
3

. (21)

𝐷∗ in Figure 3 and 6 represents the mean droplet diameter normalized by the inner diameter of the emitter. In
Figure 3(a) 1/𝑅𝑒𝐸 ranges from 0.03 to 0.068 for the non-dimensional flow rate varying from 𝛿 = 2.4 to 𝛿 = 9.7. In
Figure 3(b) the voltage is varied from 3 kV to 5 kV for the non-dimensional flow rates of 13.9, 46.4, and 69.6 according
to [16]. Reasonable agreement is shown with proper trends of variation of 𝐷∗ for model predictions, scaling laws and
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Fig. 2 Computation for heptane of low conductivity liquid in steady cone-jet operation; (a) axisymmetric
domain with 138,800 cells, (b) magnified emission region, (c) liquid volume fraction and (d) magnitude and
contour of the electric field

Fig. 3 Comparison of non-dimensional droplet diameters, 𝐷∗, by experiment (T & G, [16]), modeling and
scaling ([6]) for heptane at different 𝛿’s with respect to (a) 1/𝑅𝑒𝐸 and (b) voltage

experimental observations in Figure 3. The mean droplet diameter in the steady cone-jet mode is compared with the
universal scaling law in Eq. 19 and the experimental results in [16]. The droplet size was reported to decrease with
decreasing 𝑅𝑒𝐸 , decreasing flow rate and increasing voltage as previously discussed in literature ([6–8, 12, 16, 28]).
Although Eq. 19 and Eq. 21 are given as functions of flow rate and physical properties only, the measured and computed
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Fig. 4 Predicted distributions of radius and charge density distribution along the meniscus for heptane at
different (a) dimensionless flow rate 𝛿, (b) surface tension coefficient, 𝛾 [Nm−1], (c) voltage, 𝑉 [kV], (d) kinematic
viscosity, 𝜈(= 𝜇/𝜌) [Pa s], (e) relative permittivity, 𝜀𝑟

droplet diameters show strong dependence on the voltage with the increasing flow rate in Figure 3(b). The computed
results by modeling show the droplet diameters reduced by about 30% with increase in the voltage from 3 kV to 5 kV at
the lowest flow rate,𝛿 = 13.9, in Figure 3(b).
Figure 4 shows distributions of the cone radius, 𝑅, and the charge density, 𝜌∗

𝐸
, along the meniscus for varying

operating conditions and liquid properties about the reference condition, 𝛿 = 13.9, 𝑉 = 4 kV. 𝜌∗
𝐸
is the volumetric

charge density nondimensionalized by (𝛾𝜎𝑄)
1
2

𝜋𝑑21𝑣𝑠
, where 𝑣𝑠 =

𝑄

𝜋𝑑2
is the scaling parameter for jet velocity ([7]). In

Figure 4(a) the flow rate decreasing from 𝛿 = 69.6 to 𝛿 = 13.9 results in a steeper meniscus induced by increasing
tangential electric field and increasing charge density according to the Gauss’s law in Eq. 9. Note the electric field
magnitude increasing exponentially as the flow rate decreases, as given in [30]. A high charge density leads to a high
𝐹𝐸 in Eq. 12 resulting in a fine jet and small droplets with a short 𝐿𝑐 𝑗 . Likewise, the increase in 𝛾 from 0.01Nm−1

to 0.05Nm−1 results in transition of the meniscus from a concave (towards vacuum) to a flattened shape. Note the
largest 𝜌𝐸,𝑚𝑎𝑥 and the shortest 𝐿𝑐 𝑗 at the largest 𝛾 of 0.05Nm−1 in Figure 4(b). In Figure 4(c), the tangential force
increases with the increasing voltage up to 4.0 kV to result in a steeper meniscus leading to a finer jet and smaller droplet
diameters. Note the menisci largely invariant with respect to the kinematic viscosity, 𝜈, varying in the range from
6.3 × 10−7 Pa s to 5.0 × 10−5 Pa s in Figure 4(d). 𝜌∗

𝐸
also remains approximately the same, varying about 3% within the

tested range of the kinematic viscosity. Note the largest viscosity, 𝜈 = 5.0 × 10−5 Pa s, resulting in a jet elongated up to
the location, 𝑧 = 2 µm.

B. Moderate Conductivity
Figure 5 is the setup and computed results for liquid volume fraction and electric field for TBP of moderate

conductivity in [28]. It involves nozzle inner and outer diameters equal to 110 µm and 230 µm, the diameter of the
extractor orifice equal to 0.8mm, and the distance between emitter and extractor equal to 2.5mm. Note the maximum
electric field of about 9.1 × 107Vm−1 at the cone-to-jet region, which is well below the minimum electric field of
∼1 × 109 Vm−1 required for ion emission ([29]).
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Fig. 5 Computation for TBP of moderate conductivity in steady cone-jet operation; (a) axisymmetric domain
with 98,990 cells, (b) magnified emission region (c) liquid volume fraction and (d) magnitude of the electric field
and the flow recirculation

Figure 5 shows the meniscus shape and the magnitude of the electric field in the steady cone-jet mode. Note the
smaller jet diameter and smaller droplets together with smaller cone-to-jet length due to higher charge density and
stronger electric field than those for heptane of lower conductivity in Figure 2.

Fig. 6 Comparison of (a) dimensionless droplet diameters 𝐷∗, and (b) total currents I [A], by experiment ([28]),
simulation and scaling by [6][1], [8][2] for TBP of moderate conductivity(2.3× 10−4 Sm−1) with respect to varying
𝛿 for TBP of moderate conductivity (𝜎 = 2.3 × 10−4 Sm−1)

Figure 6 shows the same trends of variation with reasonable quantitative agreement of droplet diameters and total
currents by experiment, modeling and scaling laws in Eq. 19, 20, and 21. Deviation of the droplet diameters by
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modeling may indicate numerical uncertainty or underpredicted electrostatic force due to ignoring viscous self-heating
and temperature-dependent conductivity at a relatively low Reynolds number ([31, 32]). In experiment, droplets could
fragment or undergo downstream influences such that droplets reaching the detector may not be those emitted off the jet
([33, 34]). Note in Figure 6(b) the total current by modeling lying between those by experiment ([28]) and scaling law
proportional to half-power of the flow rate in Eq. 20.

Fig. 7 Predicted distributions of radius and charge density distribution along the meniscus for TBP with respect
to (a) 𝛿, (b) 𝛾 [Nm−1], and (c) 𝜀𝑟

Figure 7 shows the cone radius and the charge density along the meniscus for varying 𝛿, 𝛾, and 𝜀𝑟 about the reference
condition, 𝛿 = 36.2, 𝑉 = 1.7 kV. Note a lower 𝛿 resulting in higher charge density so that the lowest 𝛿 = 36.2 presents
the highest 𝜌∗

𝐸
and the shortest 𝐿𝑐 𝑗 in Figure 7(a). At a lower flow rate the jet may develop into an unstable whipping

mode due to excessive electrostatic force as experimentally observed in [35]. Similarly, 𝛾 increasing from 0.01Nm−1 to
0.04Nm−1 results in increasing charge density with transition of the meniscus shape from concave to convex.
A scaling equation for the surface charge, 𝑞𝑠 , was derived from a quasi-one-dimensional analytical model as ([36])

𝑞𝑠 = 𝜀0𝐸0 = 0.62
(
𝜀0𝛾

2𝜌𝜎2
) 1
6
. (22)

which supports 𝜌∗
𝐸
increasing with increasing 𝛾 in Figure 7(b). The change in 𝜌∗

𝐸
is associated with transition of the

meniscus from convex-upward where 𝜕2𝑅
𝜕𝑍2

= 𝑅′′ < 0 to concave-upward where 𝑅′′ > 0. Note the maximum 𝜌∗
𝐸
for

𝛿 = 36.2 or 𝜌∗
𝐸
= 2.5 for 𝛾 = 0.07Nm−1 nearly doubled as compared with the maximum 𝜌∗

𝐸
without such transition for

higher 𝛿’s or lower 𝛾’s, respectively. Rapid increase of 𝜌∗
𝐸
with a short 𝐿𝑐 𝑗 after the inflection point suggests that charge

accumulation takes place mostly in the concave-upward region where the electrostatic force dominates the surface
tension and the viscous force for moderate to high conductivity liquids. Low 𝛿 or high 𝛾 results in high charge density
associated with high electrostatic force, leading to steep menisci and smaller droplets. It is due to the geometrical
constraint associated with transition of the meniscus from concave to convex according to the sign of the second-order
derivative along the axis.

The cone-to-jet length was scaled as 𝛾

𝜀0𝐸
2
𝑡

∼
(
𝜀20𝛾

𝜌𝜎2

) 1
3
𝛿 in [6], where 𝐸𝑡 is the tangential electric field. The predicted

results are fitted as 𝐿𝑐 𝑗 ∼ 𝛿0.42 for heptane and as 𝐿𝑐 𝑗 ∼ 𝛿0.58 for TBP in Figure 8(a). Weaker dependence on 𝛿 for
heptane is associated with lower charge density, resulting in a shorter 𝐿𝑐 𝑗 than for TBP. Note lower 𝜌𝐸,𝑚𝑎𝑥 at the
cone-to-jet region for heptane than for TBP in Figure 8(a). The scaling, 𝐿𝑐 𝑗 ∼ 𝛿0.58, fitted for TBP (𝑅𝑒𝐸 = 0.86) shows
stronger dependence than 𝐿𝑐 𝑗 ∼ 𝛿0.17 from the BEM results in [10]. It is due to the emergence of convex meniscus
leading to higher charge density and a shorter 𝐿𝑐 𝑗 , which is not taken into account in [10]. In Figure 8(b), the specific
charge of the emitted droplets decreases with increasing 𝛿, to support the experimental observations for moderate
conductivity ([28]). As a result, decreasing 𝛿 and increasing 𝑅𝑒𝐸 yields high charge concentration at the cone-to-jet
region with shorter 𝐿𝑐 𝑗 resulting in high specific charge (𝑞/𝑚) of the emitted droplets. Further work may be required to
extend the new FVM to higher conductivity liquids, such as the ionic liquid, EMI-Im (1-Ethyl-3-methylimidazolium
bis(trifluoromethylsulfonyl)imide) used in electric propulsion. The meniscus is expected to have a more convex conical
shape ([35]) with an even shorter 𝐿𝑐 𝑗 . The high normal electric field, 𝐸𝑛, due to increased charge density could explain
possible ion evaporation at the high conductivity limit ([37–40]).
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Fig. 8 Predicted (a) cone-to-jet length [µm] and (b) specific charge [C/kg] of the emitted droplet as a function of
the non-dimensional flow rate, 𝛿

V. Conclusion
We have developed an electrohydrodynamic model with finite volume analysis for low to moderate conductivity

electrospray liquids. Compared to previous studies, this is the first Finite Volume Method (FVM) based model for
higher conductivity liquid that accurately predicting the cone-jet formation and droplet breakup. This was possible by
incorporating a novel interface interpolation devised to conserve the charge for higher conductivity. The model has been
validated against experiments and scaling laws where measurements of specific charge, droplet diameters, and total
current from the model show good agreement with experimental observations for both low and moderate conductivity
liquids, such as heptane and tributyl phosphate. Although the initial conditions and resultant droplet measurements can
be described with scaling laws, the emission mechanics during the evolution of a cone-jet are not described.
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